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Let T be a bounded region in the Cartesian plane built from finitely many
rectangles of the form [a1 , a2)_[b1 , b2), with a1<a2 and b1<b2 . We give a
necessary and sufficient condition for T to be tilable with finitely many positive and
negative squares.  1999 Academic Press
In [1] Dehn proved that an a_b rectangle R can be tiled with finitely
many nonoverlapping squares if and only if ba is rational. This result may
be proved as follows (cf. [3, 4, 5, 7]): If ba is rational then clearly R can
be tiled with squares. To prove the converse, define the tensor invariant of
an a_b rectangle to be ab # RZ R. Since the tensor invariant of a
square is symmetric, every region which can be tiled with squares also has
a symmetric tensor invariant. In particular, if the a_b rectangle R can be
tiled with squares then ab is a symmetric element of RZ R. This is the
case if and only if ba # Q.
More generally, suppose we allow the squares to have weights from Z.
An arrangement of finitely many weighted squares is called a tiling of R if
the sum of the weights of the squares covering each point P is 1 for P # R
and 0 for P  R. Note that the squares are not required to lie inside R. If
there exists such an arrangement of Z-weighted squares we say that R can
be Z-tiled with squares. The argument above applies in this more general
setting, and shows that R can be Z-tiled with squares if and only if ba is
rational. In this paper we generalize this result by showing that a region in
the plane built from finitely many rectangles can be Z-tiled with squares if
and only if the tensor invariant of the region is symmetric.
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For the purposes of this paper a rectangle is a subset of R2 of the form
[a1 , a2)_[b1 , b2), with a1<a2 and b1<b2 . The regions T that interest us
are Z-linear combinations of such rectangles. Two linear combinations
L1 , L2 represent the same region if for each point P in the plane the sum of
the weights of the rectangles in Li which contain P is the same for L1 and L2 .
Two decompositions of a region T into rectangles are given in Fig. 1.
We may form the sum T1+T2 of two weighted regions by superposing
them in the obvious manner. This operation makes the set of all Z-
weighted regions into an abelian group G. To say that a region T # G can
be Z-tiled with squares means that there are weights c1 , ... , cn # Z and
squares S1 , ..., Sn such that c1 S1+ } } } +cnSn=T.
Let T=c1 R1+ } } } +cnRn be a decomposition of the Z-weighted region
T into xi _yi rectangles Ri . In order to state our criterion for Z-tilability
with squares we let [v1 , ... , vk] be a Z-basis for the subgroup of R
generated by [x1 , y1 , ... , xn , yn]. Then for each 1hn we have
xh= :
k
i=1
qihvi and yh= :
k
j=1
rjhvj
for some integers qih and rjh . Our first goal is to prove the following proposi-
tion. An equivalent criterion was obtained independently by Freiling, Hun-
ter, Turner, and Wheeler [2].
Proposition 1. The region T can be Z-tiled with squares if and only if
the k_k integer matrix (mij) is symmetric, where
mij = :
n
h=1
ch qih rjh .
This result will be an easy consequence of Proposition 6. We now intro-
duce the algebraic tools that will be needed for the proof. Recall that if A
FIG. 1. Two decompositions of the same region T.
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is a commutative ring and M, M$ are A-modules then the tensor product
MA M$ is defined to be the quotient of the free abelian group
F(M_M$) on the set M_M$ by the subgroup generated by the union of
the sets
Q1=[(x1+x2 , y)&(x1 , y)&(x2 , y) : x1 , x2 # M, y # M$]
Q2=[(x, y1+ y2)&(x, y1)&(x, y2) : x # M, y1 , y2 # M$]
Q3=[(ax, y)&(x, ay) : x # M, y # M$, a # A].
When A=Z and M, M$ are abelian groups, MZ M$ is simply the
quotient of F(M_M$) by the subgroup generated by Q1 _ Q2 . Note that
if B is a subring of A then there is a natural map from MB M$ onto
MA M$. If A=Q and B=Z then this map is an isomorphism. In par-
ticular, we have RZ R$RQ R.
We now show that the tensor invariant map which was defined for rec-
tangles in the first paragraph extends to a well defined homomorphism on
all of G. Results similar to Propositions 2 and 3 were obtained independ-
ently by Gale and Gardner [4].
Proposition 2. There is a unique homomorphism f : G  RZ R such
that for each a_b rectangle R we have f (R)=ab.
Proof. Let T be a Z-weighted region and write T=c1R1+ } } } +cnRn ,
where R1 , ..., Rn are rectangles, and c1 , ..., cn are integers. We say that
c1R1+ } } } +cnRn is a grid decomposition of T if there exist real numbers
u1< } } } <us and v1< } } } <vt such that for each 1in we have
Ri=[uj , u j+1)_[vk , vk+1) for some 1 j<s and 1k<t. Note that the
first decomposition of T in Fig. 1 is not a grid decomposition, but the
second one is. For an a_b rectangle R define f (R)=ab # RZ R. If
R=c1R1+ } } } +cn Rn is a grid decomposition of R then by the additivity
of the tensor product we have f (R)=c1 f (R1)+ } } } +cn f (Rn) (cf. [3,
pp. 549550]).
Let T be a Z-weighted region in the plane with two decompositions into
rectangles, say T=d1R$1+ } } } +dl Rl$ and T=e1R"1+ } } } +emR"m . It is
easily seen that these two decompositions admit a common refinement
T=c1R1+ } } } +cnRn which is a grid decomposition. The additive
property for grid decompositions of rectangles implies that
c1 f (R1)+ } } } +cn f (Rn)=d1 f (R$1)+ } } } +dl f (Rl$)
=e1 f (R"1)+ } } } +em f (R"m).
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Therefore we may define f (T )=d1 f (R$1)+ } } } +dl f (Rl$), where T=
d1 R$1+ } } } +dlRl$ is any decomposition of T into rectangles. This gives a
unique well-defined group homomorphism f : G  RZ R. K
The next result makes precise the idea that the tensor invariant f (T )
determines T up to dissection and translation.
Proposition 3. Let T be a Z-weighted region in the plane such that
f (T )=0. Then there are rectangles R1 , ..., Rn , R$1, ..., R$n , with each Ri$ a
translation of Ri , such that T=ni=1 (R i$&Ri).
Proof. We may decompose T as T=c1P1+ } } } +cnPn , where ci # Z
and Pi is an xi_y i rectangle. Corresponding to this decomposition is the
element 9=ni=1 ci } (xi , y i) of the free abelian group F(R_R). Since
0= f (T )= :
n
i=1
ci } xi y i ,
by the definition of the tensor product we see that 9 is equal to a sum of
terms of the form (a1+a2 , b)&(a1 , b)&(a2 , b) and (a, b1+b2)&(a, b1)&
(a, b2). Let U0 be an (a1+a2)_b rectangle and let U0=U1+U2 be a dis-
section of U0 into an a1 _b rectangle U1 and an a2_b rectangle U2 . (If a
and b aren’t both positive then we interpret an a_b rectangle as an
|a|_|b| rectangle with weight equal to the sign of ab.) The element of
F(R_R) corresponding to the rectangle decomposition 0=U0&U1&U2
is (a1+a2 , b)&(a1 , b)&(a2 , b). Similarly there are rectangles V0 , V1 , V2
such that the decomposition 0=V0&V1&V2 corresponds to
(a, b1+b2)&(a, b1)&(a, b2) # F(R_R). Therefore by subtracting terms of
the form U0&U1&U2 and V0&V1&V2 from the decomposition
T=ni=1 ciPi , we get a decomposition T=
m
j=1 djQj such that the corre-
sponding element mj=1 d j } (zj , wj) of the free abelian group F(R_R) is
equal to zero. It follows that T is a sum of regions of the form Qi&Qj ,
where Qj is a rectangle and Qi is a translation of Qj . K
We now prove a basic result on Z-tiling with squares.
Proposition 4. Let R be a rectangle and let R$ be a translation of R.
Then R$&R can be Z-tiled with squares.
Proof. We may assume that R is an a_b rectangle with lower left
corner (0, 0), and that R$ is the translation of R by a vector v # R2. We wish
to show R$&R # H, where H is the subgroup of G generated by squares.
We do this by considering some special cases of the translation vector v.
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Case 1. v=(b, 0). In this case R$&R=S2&S1 # H, where S1 , S2 are
b_b squares with lower left corners (a, 0), (0, 0). This is illustrated in
Fig. 2 under the assumption a>b.
Case 2. v=(a+b, 0). Let Q be the b_a rectangle with lower left
corner (a, &a). Then R+Q=S3&S4&S5 where S3 , S4 , S5 are the
squares described below (see Fig. 3).
Square Sidelength Lower left corner
S3 a+b (0, &a)
S4 a (0, &a)
S5 b (a, 0)
Thus R+Q # H. A similar argument shows R$+Q # H, and so by subtract-
ing we get R$&R # H.
Case 3. v=(a, 0). This follows by combining the preceding two cases.
Case 4. v=(c, 0) with 0<c<a. We argue geometrically as follows:
Dissect R into an (a+c)2_b rectangle R1 and an (a&c)2_b rectangle
R2 , and dissect R$ into an (a&c)2_b rectangle R$2 and an a+c2 _b rec-
tangle R$1, as in Fig. 4. Apply the preceding case to R1 and its translation
R$1 by ((a+c)2, 0), and also to R$2 and its translation R2 by ((a&c)2, 0).
This shows that R$&R=(R$1&R1)&(R2&R$2) is in H.
Case 5. v=(c, d ) # R2. The arguments used above can also be used to
show that R$&R # H when R$ is a translation of R by a vector (0, d ) with
0<d<b. Since
[(c, 0) : 0<c<a] _ [(0, d ) : 0<d<b]
generates the translation group of the plane, this implies R$&R # H for any
translation R$ of R. K
FIG. 2. R$&R can be Z-tiled with squares.
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FIG. 3. R+Q can be Z-tiled with squares.
Remark 5. The straightforward generalization of Proposition 4 to three
dimensions is false. In fact for a>0 let B be a 1_1_a box and let B$ be
the translation of B by (0, 0, a). Then it can be shown by similar but more
elaborate arguments that B$&B can be Z-tiled with cubes if and only if a
is rational.
Let M be an A-module and recall that MA M is the quotient of the
free abelian group F(M_M) by the subgroup generated by Q1 _ Q2 _ Q3 .
Define
_~ : F(M_M)  F(M_M )
by setting _~ (m1 , m2)=(m2 , m1). Then _~ stabilizes Q1 _ Q2 _ Q3 , and hence
induces a homomorphism _ : MA M  MA M such that _(m1 m2)=
m2 m1 . We say that an element of MA M is symmetric if it is fixed
by _.
Proposition 6. Let T be a Z-weighted region in the plane. Then T can
be Z-tiled with squares if and only if f (T ) is symmetric in RZ R. In
particular, if f (T )=0 then T can be Z-tiled with squares.
FIG. 4. Dissecting R and R$.
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Proof. If S is a square with side s then f (S)=ss is symmetric. There-
fore if T can be Z-tiled with squares then f (T ) is symmetric. Assume
conversely that f (T ) is symmetric. Then since
ab+_(ab)=ab+ba
=4[( 12 a+
1
2b) (
1
2a+
1
2b)&
1
2a
1
2a&
1
2 b
1
2b],
we have 2f (T )= f (T )+_( f (T ))=ni=1 4ci } si si for some ci # [\1]
and si>0. For 1in let Si be an si _si square, and set T0=
T&ni=1 2ci } Si . Then f (T0)=0, so by Proposition 3 the region T0 can be
Z-tiled with squares. Therefore T=T0+ni=1 2ci } Si can be Z-tiled with
squares. K
We can now prove Proposition 1. Recall that [v1 , ..., vk] is a Z-basis
for the subgroup of R generated by the sidelengths of the rectangles that
constitute T. By the definition of f we have f (T)=ki, j=1 mij } vi vj ,
where mij are the integers specified in Proposition 1. It follows from
Proposition 6 that T can be Z-tiled with squares if and only if the k_k
matrix (mij) is symmetric.
Example 7. Construct a region T by dissecting a square S into finitely
many rectangles and then translating these rectangles to arbitrary locations
in the plane, as in Fig. 5. Then T is a disconnected region which can be
Z-tiled with squares since f (T )= f (S) is symmetric. The individual
rectangles which make up T need not be Z-tilable with squares.
Example 8. Let T be an arbitrary Z-weighted region in the plane and
let T $ be a translation of T, as in Fig. 6. Then f (T $&T )= f (T $)& f (T)=0,
so T $&T can be Z-tiled with squares.
FIG. 5. An exploded square can be Z-tiled with squares
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FIG. 6. T$&T can be Z-tiled with squares.
By combining Proposition 6 with the main result from [6] we get a
criterion for when a region T can be Z-tiled with rectangles of specified
shapes. Let K be a subfield of R and let T be a Z-weighted region in the
plane. Then fK (T) is defined to be the image of f (T) in RK R. If R is an
a_b rectangle then the ratio ba of the sidelengths of R is called the
eccentricity of R.
Proposition 9. Let A be a ( possibly infinite) set of positive real numbers
such that 1 # A, and let S be the set of rectangles whose eccentricity is in A.
Define K=Q(A) to be the field generated over Q by the elements of A. Then
T can be Z-tiled with rectangles from S if and only if fK (T ) is symmetric.
Proof. Recall that H is the subgroup of G consisting of those regions in
the plane which can be Z-tiled with squares. Let H$ be the subgroup of G
consisting of those regions which can be Z-tiled with rectangles from S.
Since we are assuming 1 # A, all squares are elements of S. Therefore we
have H$#H, and hence H$#ker( f ) by Proposition 6. It follows that
T # H$ if and only if f (T ) # f (H$). Now f (H$) is generated by [uau :
u>0, a # A], and the images of these generators in RK R are all sym-
metric, since A/K. Therefore if T can be Z-tiled with rectangles from S
then fK (T ) is symmetric.
Assume conversely that fK (T ) is symmetric. The argument used in the
proof of Proposition 6 shows that fK (T) # RK R has the form
mi=1 2ci } si si , with si>0 and ci # [\1]. Therefore by the definition of
RK R we see that f (T) # RZ R may be written as
f (T )= :
m
i=1
2ci } si si+ :
k
i=1
(ai ui ti&ui ai ti),
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with ti , u i # R and ai # K. Since si s i # f (H$), it suffices to show that the
second sum is an element of f (H$). Each summand from the second sum
may be rewritten as
ai ui  ti&ui ai t i =(ai ui+t i) (a i ui+ti)&a i ui ai u i&ti  t i
&[(ti+ui)ai (ti+ui)&t i ai ti&ui a i ui].
The first three terms on the right side of this equation are the tensor
invariants of squares, and hence are elements of f (H$). The remaining three
terms are the tensor invariants of rectangles with eccentricity ai # K. By
[6, Theorem 3] every rectangle whose eccentricity is in K can be Z-tiled
with rectangles from S. Therefore the three remaining terms are elements
of f (H$), and hence ui ai ti&ai ui  t i is an element of f (H$). It follows
that f (T ) # f (H$), and hence that T # H$. K
Remark 10. Since the natural map from RZ R to RQ R is an
isomorphism, if A=[1] the above result reduces to Proposition 6.
The matrix criterion of Proposition 1 extends easily to the more general
setting of Proposition 9. Let V/R be a finite dimensional K-vector space
such that fK (T ) is an element of VK V, and let [v1 , ..., vk] be a K-basis
for V.
Corollary 11. Write fK (T ) in the form ki, j=1 aijvi vj with aij # K.
Then the region T can be Z-tiled with rectangles from S if and only if the
k_k matrix (aij) is symmetric.
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